I. INTRODUCTION In this paper, we discuss the periodically excited nonlinear equation of pendulum-type, with the form x" + g( t, x) = 0, where g( t + 1, x) = g( t, x + 1) = g( t, x). It is equivalent to the equation x" + GI,( t, x) = p(t), (1.1) where G(t + 1, x) = G(t, x f 1) = G( t, x), and p(t) = ~(t + 1). The equation is equivalent to the system x' = y, Y' = -G:(f, xl + p(t), (1.2) which is a Hamiltonian system with Hamiltonian H=&y*+G(t,x)--p(t).
Since G(t, x) is periodic in x, system (1.2) can be treated as a nonautonomous system on a cylinder. But it is not a Hamiltonian system on the cylinder whenever p(t) & 0, since in this. case H(t, x, y) is not periodic in x. There were several papers concerning this equation, J. Mawhin [2] and M. Willem [3] proved that (1.1) possesses at least two periodic solutions if G(t, x) is independent of t and p(t) belongs to C"(S ') with zero mean value.
In 1973, J. Moser [l] proposed a problem of Lagrange stability for the pendulum-type equation; i.e., whether or not all the solutions of system (1.2) are bounded on cylinder. This paper deals with this problem, and proves the following main theorem by using the J. Moser's twist theorem.
MAIN THEOREM. Zf G(t, x) belongs to C "( T') and p(t) belongs to C"(S '), then system (1.2) is Lagrange stable if and only if jh p(t) dt = 0. Moreover, system (1.2) admits of an infinite number of invariant tori, and thus an infinite number of almost periodic solutions, when JA p(t) dt = 0; and no invariant torus when s; p(t) dt # 0.
Remark. We only need that G;(t, x) is continuous, and that G(t, x) has continuous derivatives with respect to x up to order 1 for some positive integer 1.
II. SYSTEM (1.2) AND ITS DEFORMAL SYSTEM
In this section, we transform system (1.2) into a simple integrable Hamiltonian system with a perturbation for large y by using a symplectic transformation.
We first introduce a space of functions. Given a constant r, denote by F(r) the set of C"-functions in (t, 8, A) E T2 x R +, which are defined in 12 II, for some I, > 0 and for which there is a sequence Aij > 0, such that
where (t, 0) E T2, and 1> I,.
We collect some properties of F(r) in the following lemma, which can easily be verified from the definition (see [4] ). (ii) iff E F(r), then (DJiE F(r -i);
(iii) iffi E F(r,) andf, EF(r2), then fi f2 E F(r, + r,); (iv) iff EF(r) satisfies f( ., I) >cl'for l=lo, with a constant c>O, then f-'EF(-r). Zf A0 > 0, then we denote by AA, E T2 x R+ the set A, := {(t, 8, A)I(t, 0)~ T2, I=lo}. Now, we give the main result of this section. PROPOSITION with U(t,u,u)EF(-2)and V(t,u,u)EF(-l),such that for large v _ < vO < u + . Moreover, 'Y transforms (1.2) into the system u'=v+h,(t, U, v), 0' = p(t) + Mt, u, v), (2.2) withh,(t,u,u)EF(-2)andh,EF'(-1).
Proof. We construct a symplectic transformation for sufficiently large 21 as
It is obvious from the implicit function theorem that we can solve the first equation of (2.3) and get x = u + U(t, U, v) for large u. Then, substituting it into the second equation of (2.3) we get the desired diffeomorphism Y:
It follows that Y transforms system (1.2) into a new system for large v>o:
where We arrived at (2.2) by setting
Then we want to prove that UC4 4 uJEFt-21, V(t, 24, U)EF(-1).
Notice that gl(t, x, u) E F( -2) gZ(t, x, U)E F( -l), and u=x+ g,(c 4 u), (2.6) with the inverse x = u + U(t, U, u). Then we find out the equation for U, u= -g1(t, u+ u, 0).
It follows from (2.3) and (2.7) that if u is large enough, then U is uniquely determined by the contraction principle. Moreover, the implicit function theorem yields that U E C"(A,,), for some large t+,. We claim with 1 <s + k < n, and CT=, ji = n -k. The highest order term is the one with s= 1 and k=O, namely (D,g,)(DEU), which we put to the left side of the equation. Inductively, assuming that for j= n -1 the estimates IDi Ul < Cu-'-j hold true, we conclude the same estimate for j = n. In fact, since g, EF( -2) and thus
Then the claim (2.8) follows.
Inserting x = u + U(t, U, u) into the second equation of (2.3) yields v(t,u,~)=g~(t,~+U,u)= -u-'G(r,u+U).
Since g, E F( -1) and U E F( -2), one concludes by using (2.9) that V(t,u,u)EF(-1).
Finally, we will prove that h, E F( -3), h, E F( -1). Set
Sinceh,(t,x,u)EI;(-2),&(f,x,u)EF(-l),and U(t,u,u)~F(-2), wecan easily prove that h,(t, u, u)=h,(t, u+ u, U)GF(-2) h*(t, u, u) = h2(t, 24 + u, u) E F( -1).
The proof of Proposition 2.1 is thus finished.
III. SOME ESTIMATES
The Poincare mapping P of system (2. where a* = sh dt jh p(s) ds, and (U(t), C(t)) = (U(t, U, u), U( t, U, u)) is the solution of (2.2) with U(O)=u, V(O)=u. Set
Then the Poincare mapping P can be written in the form
In order to use Moser's twist theorem to mapping (3.2), we need some estimates of Fj (i = 1, 2) and their derivatives. The required estimates can inductively be verified from (3.4) and (3.5) in view of hi E F( -2) and h2 E F( -1). The proof of Lemma 3.2 is thus completed.
We denote IfI c~ the C' norm of the function f, defined as From Lemma 3.1 and Lemma 3.2, we know that for any real number 6 > 0, there exists a constant uo, such that IfI =I < 6, for a > uo.
IV. 1~173~932TI0N PROPERTY DEFINITION 4.1. Assume that P: S ' x R' + S ' x R' is an area-preserving mapping, and y is a circle on S' x R' homotopic to a circle S1 x {A}, 1= const. If P(y)n y # @ for any y, then we say that P has intersection property.
In order to prove the intersection property of the Poincare mapping P of system (2.2), which is needed in Moser's twist theorem, we first introduce the concept of Calabi invariant.
Consider an area preserving mapping P on the cylinder, and P is termed an end-preserving mapping if the points sufftciently far up (or down) the cylinder remain far up (or down) under P. DEFINITION 4.2. Assume P is an area-preserving and end-preserving mapping on the cylinder. The Calabi invariant of P is defined by the formula
where N = Nh = { (0, A) 1 A < h(8)}, for any function h E C"(S ' ).
It is easy to show that C(P) is independent of N. It measures the average upward drift. If P E C '(S ' x R' ), then
where y is a circle in S' x R', which is homotopic to a circle S' x {J.}. Now we compute the Calabi invariant of the Poincare mapping of system (2.2). PROPOSITION 4.1. rf G(t, X) E Cm( T2), then the Calabi invariant of the Poincart! mapping P of system (2.2) is C(P) = j' p(t) dt. 0 Proof: Set y = S1 x {u*}, with sufficiently large u*. Then we have
We know that C(P) is independent of u *. It follows that C(P) = JA p(t) dt. Thus the proof of Proposition 4.1 is completed. COROLLARY 4.1. The Poincare' mapping P of system (2.2) has intersection property if C(P) = 0.
Proof
Assume that P(y) n y = Iz/ for a circle y which is homotopic to S1 x {A}. Then we have
where D is the region bounded by P(y) and y. However, it is in conflict with C(P) = 0. The proof is thus finished.
V. EXISTENCE OF INVARIANT TORI
In this section we prove that system (1. (i) P is invariant under the mapping P; (ii) The mapping P restricted on P has rotation number A.
The main aim of this paper is to prove the following theorem by using Moser's twist theorem for the Poincare mapping P of system (2.2). THEOREM 5.1. Zf G(t, x) E C "( T*), then system (1.2) has an invariant torus if and only if j; p(t) dt = 0. Moreover, when j: p(t) dt = 0, there is a (large) A* >O, such that for every irrational number A> A*, with (5.2), system (1.2) has an invariant torus with the rotation number (1, A).
Proof: In view of the results proved in Sections 24, we conclude that all the assumptions of Moser's twist theorem are met for the Poincare mapping P of system (2.2) when Ji p(t) dt = 0 and v is large enough. It follows that for i > A* 9 1, satisfying (5.2), there is a C'-closed curve Z which is close to the circle S' x (A} and invariant under the Poincare mapping P. The solutions of (2.2) starting at time t = 0 on this invariant curve Z determine a torus T: in the (t, U, u)-space T2 x R', which is thus invariant under the flow of (2.2). It follows that every solution of (2.2) on T: is almost periodic with frequency (1, A). Then, !P(T:) is an invariant torus of (1.2) with rotation number (1, A) . Now, assume P possesses an invariant closed curve which is homotopic to S' x {A}. Then it is obvious that C(P) = 0. It follows that f; p(t) dt = 0 because j; p(t) dt # 0 implies C(P) # 0. Therefore, we have proved Theorem 5.1.
VI. LAGRANGE STABILITY
In this section, we discuss the Lagrange stability of system (1.2) by using Theorem 5.1. THEOREM 6.1. Zf G(t, x) E C"(T*), then system (1.2) is Lagrange stable ifandonfy zfJip(t)dt=O.
ProoJ: Suppose that j; p(t) dt = 0. Then from Theorem 5.1 we know that system (1.2) has an invariant torus with the rotation (1, A.) , where I > A* $1, satisfying (5.2). Every solution on this invariant torus is almost periodic with frequency (1, A) . Now, we set 5 = -x, q = -y. Then (1.2) becomes 5' = v, q'= -C;(t,<)+p(t):=G:(t, -r)+p(t).
(1.2)'
Similarly, we can prove that (1.2)' has an invariant torus with rotation number 2, where A is sufficiently large and satisfies (5.2). Thus, system (1.2) has an invariant torus with rotation number --A. Two such invariant tori confine the solutions in its interior, which therefore yields a bound for
